Abstract. Recently J. Roe considered the question of whether for a discrete group the reduced group C * -algebra C * r (Γ) is the fixed point algebra of {Ad(ρ t ) | t ∈ Γ} acting on the uniform Roe algebra UC * r (Γ). Γ is said to have the invariant translation approximation property in this case. We consider a slight generalization of this property which, for exact Γ, is equivalent to the operator space approximation property of C * r (Γ). We also give a new characterization of exactness and a short proof of the equivalence of exactness of Γ and exactness of C * r (Γ) for discrete groups.
Introduction
A discrete group Γ has a natural coarse structure which allows us to define the uniform Roe algebra UC * r (Γ). This algebra may be thought of as the closure of scalar Γ × Γ-matrices [α s,t ] of finite width (i.e. {st −1 | α s,t = 0} is finite) with uniformly bounded entries acting on 2 (Γ). The reduced group C * -algebra C * r (Γ) is naturally contained in UC * r (Γ). Indeed the left translation λ r on 2 (Γ) is given by the matrix where α s,t = 1 if st −1 = r and α s,t = 0 otherwise; so the matrices [α s,t ] of finite width such that α sr,tr = α s,t for all s, t, r ∈ Γ form precisely the group ring C [Γ] . They may also be characterized as those finite width matrices fixed by all automorphisms of the form Ad(ρ t ), where t ∈ Γ and ρ is the right regular representation of Γ. Now consider the set of fixed points UC * r (Γ) Γ of this action in the whole of UC * r (Γ), not just in the dense subalgebra of finite width matrices. According to [Ro] Γ is said to have the invariant translation approximation property if C * r (Γ) = UC * r (Γ) Γ . One might wonder whether all discrete groups have this property. In this note we do not answer this question but consider a slightly stronger invariance property defined as follows. One may define UC * r (Γ, S) with coefficients in a (concrete) operator space S. UC * r (Γ, S) is an operator space in general and is a C * -algebra if S is a C * -algebra. This very natural idea to allow nontrivial coefficients in the definition of the uniform Roe algebra might be useful elsewhere. UC * r (Γ, −) may be regarded as a functor (on C * -algebras or on operator spaces). In Theorem 2.3 we show that Γ is exact iff this functor is exact on C * -algebras and give a quick proof of the result of Kirchberg and Wassermann on the equivalence of exactness of Γ and exactness of C * r (Γ) for discrete groups ( [KW] ) together with another characterization of exactness.
Instead of looking at the fixed points in UC * r (Γ) we consider fixed points in UC * r (Γ, S). Using results and techniques from [HK] we show that for exact Γ the following conditions are equivalent:
has the operator approximation property (OAP) or equivalently Γ has the AP of [HK] .
Here and throughout ⊗ denotes the minimal tensor product. For group C * -algebras of discrete groups the OAP implies exactness, and so condition (4) implies the other conditions for all discrete groups Γ. Moreover, the invariant translation approximation property with coefficients implies the one without coefficients, so if Γ has the AP, then C *
Γ . We also remark that it is not known whether there are exact groups without the AP, but it has been conjectured that SL 3 (Z) is such a group (cf. [HK] or [ER] ).
Preliminaries

A C
* -algebra A is exact if given any exact sequence 0 → J → B → C → 0 of C * -algebras the sequence 0 → A⊗J → A⊗B → A⊗C → 0 is again exact, i.e. A⊗− is an exact functor. Inspection shows that for arbitrary A the kernel of the map [Wa] ). Thus exactness of A is equivalent to requirering F (A, J) = A ⊗ J for all pairs J ⊆ B, where B is a C * -algebra and J a closed ideal of B. Kraus [Kr] considered the same condition for subspaces, i.e. F (A, S) = A ⊗ S for all pairs S ⊆ B, where B is a C * -algebra and S a closed subspace of B. (Wassermann had considered this earlier for subalgebras.) He showed (cf. [Kr] , [ER] ) that this condition, the slice map property for subspaces, is equivalent to the strong operator approximation property (strong OAP ) which means the following: for every C * -algebra B there is a net (φ α ) of finite rank maps such that φ α ⊗id(x) → x for all x ∈ A⊗B. In particular if A has the strong OAP, then it is exact. A weaker variant is the operator approximation property (OAP ) which requires only a net (φ α ) of finite rank maps such that
It is the operator space version of Grothendieck's AP (cf. [ER] ). The OAP is equivalent to the slice map property for closed subspaces of K.
Most regularity properties of C * -algebras define, when required for C * r (Γ), reasonable regularity properties for the group Γ, e.g. nuclearity of C * r (Γ) is equivalent to amenabilty of Γ. Similarly C * r (Γ) is an exact C * -algebra iff Γ is amenable at infinity. Another formally stronger property is exactness of Γ defined as follows ( [KW] ). Let α : Γ → Aut(A) be a Γ-action on a C * -algebra A such that α s (J) = J for all s ∈ Γ; thenα s (a + J) = α s (a)+J defines an actionα on B = A/J. Denoting the restriction of α to J by α again, we obtain the exact sequence of Γ-dynamical
, and we will give a short proof of this fact in Theorem 2.3.
As for the strong OAP and the OAP, Haagerup and Kraus [HK] show that they are equivalent for C * r (Γ) if Γ is a discrete group. They also establish an equivalent condition in terms of the Fourier algebra A(Γ) which they call the approximation property (AP). The Fourier algebra A(Γ) is the set of all coefficients s → ξ, λ s η in the regular representation of Γ with the pointwise product and the norm u = inf{ ξ η | u(s) = ξ, λ s η for all s ∈ Γ}. Amenability of Γ is equivalent to the existence of a bounded approximate unit in A(Γ) (even one consisting of positive definite functions). In order to explain the AP recall that a complex function u on Γ is a multiplier of A(Γ) if uv ∈ A(Γ) for all v ∈ A(Γ). In A(Γ) convergence in norm implies pointwise convergence, and therefore, by the closed graph theorem, such a multiplier u defines a bounded linear map on A(Γ). Since A(Γ) = V N(Γ) * , by duality, it also defines a bounded linear M u ∈ B(V N(Γ)), and since M u leaves the group ring C[Γ] invariant we finally obtain a bounded M u ∈ B(C * r (Γ)). u is said to be a completely bounded multiplier if M u is a completely bounded map, i.e. M u ∈ CB(C * r (Γ)). The space M 0 A(Γ) of completely bounded multipliers can then be equipped with the completely bounded norm u M 0 . As cited in [HK] (cf. [Pi] ) u ∈ M 0 A(Γ) iff there is a Hilbert space K and bounded maps p, q :
Moreover, the completely bounded norm is given by
Since all u ∈ M 0 A(Γ) are bounded functions, every summable sequence of scalars It is pointed out in [HK] Ozawa ([Oz] ) showed the following important result (cf. [Pi] for an excellent exposition).
Theorem 2.1. For a discrete group Γ the following conditions are equivalent:
(
There exists a net of finite width positive definite kernels k α : Γ × Γ → C such that for all ε > 0 and every finite subset F ⊆ Γ there is α 0 such that |k α (s, t) − 1| < ε whenever st −1 ∈ F and α ≥ α 0 .
In (3) k α positive definite means s,t k α (s, t)ᾱ s α t ≥ 0 for all (α s ) s∈Γ of finite support. Condition (3) is quite similar to classical amenability which is equivalent to the existence of a net of positive definite functions on Γ with analogous properties. Another equivalent condition says that Γ is amenable at infinity, i.e. acts amenably on a compact space.
By a GNS-type construction attributed to Kolmogoroff any positive definite kernel k : Γ × Γ → C is of the form k(s, t) = v(s), v(t) , where v : Γ → K is a map into a suitable Hilbert space K. Thus V (e s ) = e s ⊗ v(s) defines a linear map V :
2 (Γ))) which is used in [Oz] . If k has finite width, then Θ k (B( 2 (Γ))) consists of finite width matrices. Moreover, if (k α ) is as in Theorem 2.1(3), then Θ k α (x) → x for x ∈ UC * r (Γ) since this is true for finite width matrices and 
. Similar to tensor product functors like C * r (Γ) ⊗ −, we may regard UC * r (Γ, −) as a functor on the category of C * -algebras and * -homomorphisms, and will say that UC * r (Γ, −) is an exact functor if for every
In Theorem 2.3 we will see that exactness of Γ and of UC * r (Γ, −) are equivalent. The proof uses Theorem 2.1 and ideas from [KW] and [Ki] . We start with some preliminaries.
be an exact sequence of Γ-dynamical systems. Denote by p α the surjective * -homomorphism p α : A α,r Γ → B α,r Γ induced by p. A α,r Γ may be regarded naturally as a subalgebra of UC * r (Γ, A) since for a ∈ A and s ∈ Γ the element aλ s ∈ A α,r Γ corresponds to the matrix t∈Γ e t,s −1 t ⊗ α t −1 (a) ∈ UC * r (Γ, A). Let (e λ ) λ∈Λ be an approximate unit in J consisting of positive contractions. Thenê λ = t∈Γ e t,t ⊗ α t −1 (e λ ) corresponds to the element e λ in the regular representation and is an approximate unit for J α,r Γ. 
and the induced surjective * -homomorphism
Following ideas in [Ki] we define the completely bounded map 
(4) x s,t ∈ J for all s, t ∈ Γ, where x s,t denote the matrix elements of x.
Proof. (4) ⇔ (5): We have
Regarding δ(x) as in its definition as a family δ(x) λ λ∈Λ , we have
α s −1 (e λ ) λ∈Λ and α t −1 (e λ ) λ∈Λ are also approximate units in J, whenever s, t ∈ Γ are arbitrary and fixed so that
We are now ready to prove our characterizations of exactness. Condition (3) of the following theorem will be used later.
Theorem 2.3. For a discrete group the following conditions are equivalent:
(1) Γ is exact. (2) ⇒ (3): Clearly ⊆ in (3) always holds. For the reverse inclusion note that if C * r (Γ) is exact, then there exists a net (k α ) as in Theorem 2.1(3), and the Schur multiplier Θ k α defines a completely positive map on B( 2 (Γ) ⊗ H) such that Θ k α (x) → x is norm for all x ∈ UC * r (Γ, B(H)). Moreover, all the images Θ k α x ∈ UC * r (Γ, B(H)) | x s,t ∈ S for all s, t ∈ Γ consist of finite width matrices only, which must have entries in S whose norms are uniformly bounded. Therefore they form subsets of UC * r (Γ, S). Since UC * r (Γ, S) is norm closed and Θ k α (x) → x for x ∈ UC * r (Γ, B(H)), the claim follows. 
